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Minimum volume covering set 

Initial problem (MVCS)

Reformulation (exact)

•  Given : Set of   points  in . 
•  A set :  . 
•  Goal : Find the smallest set that contains  of them. 
•  Problem : 

n (yi)1≤i≤n ℝk

𝔹(p, M, μ) := {y ∈ ℝk ∣ ∥M(y − μ)∥p ≤ 1}
n − r + 1

Get covariate-dependent sets 

Conformalize the sets 

Adaptive score function

•  Score function :       

•  Given :   samples i.i.d          split in two 

-  training set with , 

-  calibration set with . 

•   

(Proposition) Let  be a test sample  

from , independent of the calibration samples : 

 

S(X, Y) = ∥Mϕ(X)(Y − fθ(X))∥p.

n (Xi, Yi) ∼ ℙ →
𝒟1 Card(𝒟1) = n1

𝒟2 Card(𝒟2) = n2

̂q α = ⌈(1 − α)(n2 + 1)⌉-smallest value of S(Xi, Yi),  for i ∈ [n2] .

(Xn+1, Yn+1)

ℙ

Prob Yn+1 ∈ 𝔹 (p,
Mϕ(Xn+1)

̂qα
, fθ(Xn+1)) {(Xi, Yi)}i∈𝒟2

∈ [1 − α,1 − α +
1

n2 + 1 ) .min Vol(𝔹(p, M, μ))
s . t . M ≽ 0, μ ∈ ℝk, p > 0,

Card {i ∈ [n] ∣ ∥M(yi − μ)∥p ≤ 1} ≥ n − r + 1.

Where  is the -th largest element of a set  with  
.
σr{ai} r {ai}n

i=1
ai ∈ ℝ

min −log det(Λ) + σr {∥Λyi + η∥p} + log λ(Bp(1))

s.t. Λ ≽ 0, η ∈ ℝk, p > 0,

Combinatorial problem NP-hard

Probabilistic problem 

min 𝔼 [Vol(𝔹(p, Mϕ(x), fθ(x)))]
s.t. Prob {Y ∈ 𝔹(p, Mϕ(x), fθ(x))} ≥ 1 − α .

Approximation with the training data 

min log (
n

∑
i=1

1
det(Λϕ(xi)) ) + k log σr {∥Λϕ(xi)(yi − fθ(xi))∥p} + log λ(Bp(1))

s.t. Λϕ( ⋅ ) ≽ 0, p > 0, θ ∈ Θ .

Results

Goal: Multivariate prediction sets with target coverage that adapt 
to the output geometry in multivariate regression.
Innovation: Novel volume-minimizing loss and data-driven 
nonconformity scores, adaptive to both covariates and residuals.

Abstract

Use first-order optimization,

Derive a convex relaxation.

Check the paper :

Results - ( Volume1/d )

(But still NP-hard so no convergence guarantees).

We can : Write in a difference of convex,


